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Abstract

Chiral Cosserat materials possess extra internal degrees of
freedom, as opposed to those assumed in classical elasticity.
Hence, nine material parameters are required to describe the
isotropic and homogeneous Cosserat materials with chirality.
Chirality indicates the loss of centrosymmetric assumptions in
constitutive relationships. In addition, mass density and micro
inertia are required for modeling dynamic behavior. Classical
isotropic and homogeneous linear elastic materials only require
two independent material parameters. Through finite element
numerical studies, it is shown that the chiral Cosserat materials
can exhibit Poisson’s ratio greater than 0.5, or smaller than -1.
These ranges are not allowed in classical elastic material due to
the violation of the positive definiteness of strain energy density.
Furthermore, the time-dependent deformation mode couplings,
such as tension-induced bending or torsion, are investigated. The
couplings may serve as a sensing capability in such materials. Our
study on the non-classical material systems may expand the
material design and selection space in engineering applications,
which are not achievable in traditional construction materials.

Keywords: Time-Dependent Mechanical Behavior, Chiral

Cosserat Material, Viscoelasticity, Finite Element Analysis

1. Introduction

Materials described by the theory of elasticity only allow
translational degrees of freedom at a given material point. The
theory of elasticity is successful in describing materials without
microstructure. For materials with microstructure, such as lattice
materials, theories for generalized continua are required, such
as the Cosserat theories. When the Cosserat materials do not
possess centrosymmetry, the chiral Cosserat material model is
required [1, 2]. When material parameters are time-dependent,
as described in the theory of linear viscoelasticity, one needs to
use the Boltzmann superposition principle to modify the
constitutive relations [3]. When material properties are time-
independent, it has been shown in Ref. [2] that chiral Cosserat

materials can exhibit physical Poisson’s ratio beyond the

classical elasticity range, i.e. -1 < V < 0.5, stated in elasticity to
ensure strain energy density being positive definite. Negative
Poisson’s ratio is related to negative bulk modulus and extreme

viscoelastic damping [4,5].

The aforementioned theories are based on the concept that
the materials are of continuum. One can also construct discrete
materials with microstructure, and calculate the effective
properties to exhibit the Cosserat [6,7] and chiral Cosserat [8]
phenomena through homogenization via finite element
calculations. In classical elasticity, when Poisson’s ratio is outside
the pointwise stability range, elastic moduli can become
negative. Negative-stiffness composites are realizable and have
shown extreme effective viscoelastic moduli [9,10] and damping
[11]. Furthermore, negative-stiffness inclusions can enhance
effective coupled-field properties, such as piezoelectric and

pyroelectric coefficients [12,13,14].

In this work, we adopt the analytical and finite element
methods to calculate the physical Poisson’s ratio of the chiral
Cosserat material in the framework of elasticity and linear
viscoelasticity. We show that the physical Poisson’s ratio can go
beyond the classical elasticity range without violating pointwise
stability conditions. These findings expand the parameter space

for real-life engineering design.

2. Theoretical and Numerical Aspects

The constitutive relations for stress components Gjj of the

chiral Cosserat solids can be calculated from elastic strain €, as

follows.
o, = lgmmé‘lj + 2Ggl.j
+xe,, (1, —4¢,) (1)
+C4,.,.0, +Cp, , +Cip,,

The required material parameters to calculate the stress tensor
are }\, G, K, C1, Cy, and Cs. To calculate the couple stress
components, the following equation is adopted with three

additional material parameters: Q, B Y. Hence, there are nine
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material parameters for the chiral Cosserat materials. If the
material is of the Cosserat type, the three parameters, C’s, are
neglected. The couple stress components are obtained from the
following equation.

mij = a¢m,mé:j + ¢i,j + 7¢j,i
w0y (G +C)E
+(C3 _CZ)eijm (rm _¢m)

In the above equations, the macroscopic rotation vector of a

+Ce

stress element is

1

r, = Eem,.juj,i (3)

Here em; is the permutation tensor, and u; is the displacement

vector. A common in the subscript indicates a partial
differentiation with respect to a space coordinate. The physical
shear modulus is related to the material parameters used in Eq.

(1), as follows.
K
G=u+— (@)
2

When the material satisfies the assumptions of the classical
elasticity, there is no difference between physical shear modulus
K. The physical

Poisson’s ratio is defined as follows when the specimen is a right

and mathematical shear modulus, i.e. G =

cylinder.

— (5)
&

zz

V=-

The denominator is the applied longitudinal strain, and the
numerator is the lateral strain, calculated from the radial

displacement u,.

& =% (6)
T or
The above equations only consider the material's elasticity
responses with additional micro-rotation degrees of freedom.
When linear viscoelasticity is considered, we only assume the
shear modulus is time-dependent and can be modeled as a
standard linear solid. Although other material parameters may
also exhibit viscoelastic behavior, we limit ourselves, in this work,
to only the shear modulus being viscoelastic as a demonstration

of viscoelastic effects.

3. Results and discussion

The static physical Poisson’s ratio, as a function of radius R,
of the right cylinder for C; = 10%, G, = 5x 10*and G5 = 10° is
shown in Figure 1. These results are obtained by analytically
solving Eq. (5) when the right cylinder is under static elasticity
assumptions with suitable boundary conditions. It can be seen
that the smallest Poisson’s ratio is about -3.3. When one judicially
the mathematical material

choose a parameter set for

parameters used in Eq. (1) and (2), a physical Poisson’s ratio can
be obtained, and its value can go beyond the classical elasticity

range, i.e. less than -1 or greater than 0.5.

Figure 2 shows our analytical results for static, physical
Poisson’s ratio to be as large as 1.9. In the legend of Figure 2,
muC is equal to G. Physical Poisson’s ratio is a function of cylinder
radius Ro is due to the effects of the intrinsic length scale of the
chiral Cosserat material model. For the classical Cosseat material,
its physical Poisson’s ratio stays inside the classical elasticity
range. The data shown in Figures 1 and 2 are analytical results
and serve as a reference to sompare with the subsequent
viscoelastic cases.

Poisson's Ratio

—#- C1 = 10000
—&- €2 = 50000
—&— €3 = 100000 | {

Faar L L L R
102 107 10° 10t 10%
Radius RO

Fig. 1 Physical Poisson’s rato of a cylinder with various radius Ro, in
units of mm, for different C;, C, and Cs values

Poisson's Ratio

L
107 107 10° 10" 10? 10°
Radius RO

Fig. 2 Physical Poisson’s rato of a cylinder with various radius Ry, in

units of mm, for three different K values

When the linear viscoelasticity is considered, we choose the
mathematical material parameters so that the static Poisson’s
ratio equals to V = 0.45 or 0.52. Figure 3 shows the lateral strain
and applied axial strain when V = 0.45. Note the minus lateral
strain is plotted. To avoid numerical difficulties at time near zero,
the applied axial strain near time zero is smoothed so that the
first derivative of the applied strain at time zero is continuous.
The ratio of the minus lateral strain to the applied axial strain, i.e.
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the Poisson’s ratio, is shown in Figure 4. It can be seen that with
our chosen material parameters, the fully relaxed Poisson’s ratio

in the viscoelastic study approaches the static value, i.e. 0.45.
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Fig. 3 The magnitude of lateral strain versus applied axial strain for

Time (s)

static Poisson’s ratio V = 0.45

Poisson's ratio

7I —¥— Poisson’ ratio (v = 0.52 for stationary) ‘

Fig. 4 Time-dependent Poisson’s ratio when the static Poisson’s ratio

Figure 5 shows the lateral strain and applied strain when V
= 0.52. The maximum applied strain is set to be 0.001 to avoid
geometric nonlinearity. After the ramp part of the applied strain,
the applied strain remains constant to show the stress relaxation
behavior of the material. The lateral response of the chiral
Cosserat is quite different from that when V = 0.45. It is noted
that when V = 0.52, the mathematical material parameters in

Eg. (1) and Eq. (2) are so chosen that the static, physical
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is assumed to be V = 0.52

Fig. 6 Time-dependent Poisson’s ratio when the static Poisson’s ratio

From Figures 3, 4, 5 and 6, one can directly compare the

is assumed to be V = 0.45

Poisson’s ratio is outside the classical elasticity range. Therefore,

the non-monotonic behavior in the lateral strain is due to its
physical Poisson’s ratio greater than 0.5. Figure 6 shows the

calculated Poisson’s from the applied and lateral strain shown

in Figure 5.

MAT-04-3

2.5, it drastically decreases.

viscoelastic responses of the chiral Cosserat materials with the
two different static Poisson’s ratio, i.e. V = 0.45 or 0.52. When V
= 0.45, the material behaves as the conventional viscoelastic
material, i.e., the Poisson’s ratio is a monotonic function in time.
However, when V = 0.52, the chiral material exhibits a static
Poisson’s ratio beyond classical elasticity range, and its
viscoelastic Poisson’s ratio is a non-monotonic function in time.
When time is less than about 2.5 in Figure 6, the Poisson’s ratio

is monotonically increasing. However, when time is greater than
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Fig. 7 von Mises stress when t = 5 s and static Poisson’s ratio V =
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0.45. The left end of the cylinder is fixed, and the applied axial strain

is on its right end.
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Fig. 8 Magnitude of micro-rotation vector when t = 5 s and static

Poisson’s ratio V = 0.45.

Non-monotonicity in viscoelastic Poisson’s ratio has been
demonstrated by incorporating more than two phases with
different Poisson’s ratios with various relaxation time constants.
Hence, under uniaxial straining, overall Poisson’s ratio will
change in accordance with each phase’s Poisson’s ratio and
relaxation time to achieve non-monotonic behavior in the time
domain. Here, we show non-monotonic Poisson’s ratio in the
chiral Cosserat material without resorting to multiple phases and
multiple time constants.

When static Poisson’s ratio V = 0.45, the von Mises stress
distribution and deformed geometry of the right cylinder is
shown in Figure 7. Its color bar is in units of Pa. The
corresponding micro-rotation vector magnitude in units of radian
is shown in Figure 8. It can be seen that the St. Venant effects
near the fixed-end boundary, i.e. the left end, cause stress
magnitudes to increase for the V = 0.45 case. These phenomena
are different from the results for V = 0.52 case, as shown below.

x10°

Fig. 9 von Mises stress when t = 0.6 s and static Poisson’s ratio V =
0.52. The left end of the cylinder is fixed, and the applied axial strain
is on its right end.

x107

Fig. 10 Magnitude of micro-rotation vector when t = 0.6 s and static

Poisson’s ratio V = 0.52.

When static Poisson’s ratio V = 0.52, the von Mises stress
distribution and deformed geoemtry of the right cylinder is
shown in Figure 9. Its color bar is in units of Pa. The
corresponding micro-rotation vector magnitude in units of radian
is shown in Figure 10.

From Figures 7, 8 , 9 and 10, one can directly compare the
effects of static Poisson’s ratio, i.e. V = 0.45 or 0.52, on the
distributions of field variables. Although the four figures are at
different snapshots in the time domain, all of them are so
chosen that the applied strain is outside the ramp. For the von
Mises stress, shown in Figures 7 and 9, its magnitude is larger
when V = 0.45, while it becomes quite small when V = 0.52,
even though the color bars do not have the same scale. Both
cases show the von Mises stress exhibits concentric distribution
in the radial direction. However, the magnitude of micro-rotation
is greatly increased in the V = 0.52 case to compensate for the
smaller deformation energy due to contributions from the
Cauchy-type stress. In addition, the distribution of the micro-
rotation is in a square shape for the V = 0.52 case, while it is in

a circular shape for the V = 0.45 case.
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4. Conclusions

The viscoelastic responses of the chiral Cosserat materials
are numerically analyzed via the finite element method for their
physical Poisson’s ratio. Analytical results of the static physical
Poisson’s ratio of the chiral Cosserat materials are analytically
obtained to show that the classical elasticity range, -1 <V < 0.5,
can be broken, while the strain energy positive definiteness can
still be satisfied. When the shear modulus is assumed to be
viscoelastic, we found viscoelastic Poisson’s ratio may be non-
monotonic in time when under the stress relaxation test if its
static Poisson’s ratio is beyond 0.5. If not, the viscoelastic
Poisson’s ratio satisfies monotonicity. These findings may
expand the search of material parameter space for real-life
engineering design, as well as the understanding of material

behavior outside the conventional range.
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