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Abstract

Nowadays, e-commerce increases parcels transportation demand year by year. Many companies are seeking the way to
improve performance of delivery service and cost efficiency. One among many solutions is using a drone attached with a
truck for the last mile delivery. Drone can be launched from either depot or truck and returned to the depot or wait for the
truck to take them back from the docking station around delivery area. The vehicle routing problem with drone considers
truck- and drone-route simultaneously. It is an enormous problem that cannot be solved by normal linear programming
method. This research proposes the Lagrangian relaxation technique, in conjunction with the Branch-and-Price technique, to
estimate the lower bound of the solution in each iteration of the Branch-and-Price. The lower bound from the Lagrangian
relaxation is tighter than the solution from the Column generation which can improve the total solution time.

Keywords: Lagrangian relaxation, Branch-and-Price, Vehicle Routing Problem with Drones
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Handudednin (18) Aenseysneilsidudadiinnisiva
deliudlatnswaulasudiuazesnain Node Wit fafdu
T30 (19), (20) IfiAAIUVeLlaTULALTEEEN1INITTU
Wleuiu Node reunth Tnefhulsihminases Zj uaziuys
svpyduazan Vj desgandmiewiniuyes Node naunii
Handudedndn (21) 91inAuqvedlaTukaazia Handu

o

Ta9119 (22) I1iaszen1aluvelasuuaasda Weddu
Jaidnin (23) Amualigndusasiearlasuuinisaielasy
Wesaduionazdesiuldlilnsuduld feidudosiin (2a),
(25) mynvaeuliuiladisaussynliannsavssynlasuiuni
Adialy

ardudaddin (26) - 27) Srinaaduldldluniseen
uazasenvedlasuluias minlasueenain Node saussyn
38 Node Fuid aurosnussnnazdasluil Node Fudae

Y o

Wandudediia (28) Yesdululilasunarsaussnndagn
Handudednne (29) Yrelviulaladlasuvudut ouse
Sududesdisaussnnegsae ileidudadia (30), (31) Josiu
lfianistaunied llaunsayinla Tnelasuasseauusy
a " al Y] v P Y a
Wourosausinntuniuluuda Node filasusenaindeadl
JLYENIATANYDITOUTINNURENIMI BN UT BT NSaT AN

28330U559NLW Node Suitiousio

Wielilammeudusuiwdy s1dudadld Branch-and-

Price Framework ﬁﬂLLﬁﬂﬂiﬂugUﬁ 1

1u§m7'i 17, fafnauves Node waz 7, Wufnaudia
fandinulutlaqguu TneEuusn Z,, fandueiiud

Branching rule gmijtauslng [21] 1ntiy [8] thnldly
Branch-and-Price Anouil litduduiuduazgnuvaniu
Arc-based model 91ntiudaszy Arc #liidusiuauduain
flerFutasiia ud 3 Branch Taetaduls Flow Tu Arc tfu
Ju 0wl 1

Lagrangian relaxation THifloannisiin Tailing-off effect
271 Column generation 1AYN13E59VBUIIAANS (M38TOULUA
uilunsiiives Maximization) $198smnnquijunselui [22]

AsuuwuUTapdadunalUil:

Finish. The best mteger solution
=2

is from node n that Z,

Start with the master
problem

Initiate the search
tree. Start from the
root node

Any unexplored
node left?

Tree node selection

Generate restricted
master problem
(RMP) at the current

Perform Lagrangian
relaxation at the current
ode.

Obtain max L()

Add column to RMP Fathom node n

Solve Relaxation of
RMP and sub-
problem

Negative
reduced cost
-olumn found2

Update Z. = 2,

3‘1.]17{ 1 Branch-and-Price with Lagrangian relaxation

z* = mincx (32)
s.t. Ax=0»>b (33)
xeX (34)

“VIE]‘U@‘U‘V] 1 (Lagrangian Bounding Principle) @115y
VINLAS u VoI IA A Lagrangian A1 L(p) veoei en du
Lagrangian ﬁaﬁuawuma'ﬂwaamﬁqﬁ‘ﬁui’mqﬂszaqﬁﬁmmsam
994 Master problem (P) "

“figavl osan Ax = b dwuynuidymdululs
LUda (P) dmsuninmes p vesdina Lagrangian ln 9 z* =
min{cx: Ax = b, xeX} i paa1nn1saui sd Tudos1dn
Ax = b liannsenlugnisiiudesilesdduinguszadls
(z* = min{cx + w(Ax = b): xeX} = L(n))”

nndudelidlng z* Whundigasududeddnis

wAtleyw Lagrangian multiplier Iag Gradient search
L* = max, L(p) (35)

397 Path-based model awnsamvuailanduingUszasd

484 Lagrangian lanaseluil

L(w) = min ZrERC(Cr +FT )X, —
Ziec 125} 2 rERC(Sirxr - 1) (36)

melafeidutasniin (3) was (4)

70 (36)

L(w) = min % iECZrERC(Cr +FT — O 1) Xy —
Diec Hi (37)
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meldilaitudosnda Bes 3) uas @)

fmund s ufuresinned u Ausisedde 1) uay
wAteyu Lagrangian multiplier

Tunsugusazadiezivdsunn g demsldwsimes

0% = 1/k s (38) Tne k uwnuadiveImsue
Pkt = pk 4+ 0K (X er, 67 — 1) (38)

#&§991nN15¥91 100 ASaudFafuagefianves L(w)

U ]

wiotfuvoulna1sves Node tu ¢ Tu Branch-and-Price tree
4. NISNAABILAZHANITNARADA

mifeilazvegeuiiusesneiifl Customer node $1uau
8 uar 10 Node wuuag 10 #20819 lngusazdlog 193¢l
$1u2u Node Wouseuazadsdudiiatnias 1 Node lngld
nMsguinisuazgUasivesusiaz Node daguasdazeglutas
10 fie 50 Alansu

Avualiar1uis1vessaussnanazlasuiafy 40
Alawnsdetalug SHunuasAumIaiafy 2,50 uag 0.65
vwsiefinudiy Tngsaussndidunuasiiviniu 600 uin
oAy

sovssnnansaussnnuvidnldgega 100 Alandy
vssnlasuld 5 &1 luvmeiilasuussmiminldgega 20
Alan3u Juldlnagegn 20 Alaluns

HansnAFURS1eT 1 19w Python WeuAlgorithm
fdnauelidrsduvuneuiamesiidUUszutana Ryzen 7

4800H Ram 16 GB lneidl Gurobi 9.1 vJu MIP Solver

A9 1 WanISNAEDU

Node Time (s) %Saving

g Explored (Without LG,

*% (Without LG, With LG)

Y With L)
1 8 55 19.96, 19.68 1.40
2 8 11,7 38.31, 25.62 33.12
3 8 55 27.27, 24.68 9.49
4 8 17, 17 48.39, 36.45 24.67
5 8 7,3 131.33, 73.90 43.73
6 8 9,9 76.64, 68.94 10.04
7 8 26, 25 74.05, 61.76 6.67
8 8 57,53 126.68, 99.43 21.51
9 8 19, 15 101.90, 74.76 26.63
10 8 11, 11 56.57, 45.35 19.83
11 10 23,21 368.59, 221.74 39.84
12 10 13,13 355.19, 323.98 8.17
13 10 61, 39 294.58, 198.27 32.69
14 10 13,3 586.48, 227.83 61.15

Node Time (s) %Saving

E Explored (Without LG,

*% (Without LG, With LG)

“ with LG)
15 10 7,7 345.35, 322.63 6.58
16 10 33, 31 1065.70, 1015.87 4.68
17 10 5,5 430.45, 274.86 36.14
18 10 29,13 2972.84, 2000.68 32.74
19 10 3,3 254.79, 197.89 22.33
20 10 59, 47 1466.05, 1061.07 27.62

Network graph made with Python
customer_7

customer_2
custgmer 3

U 2 Fnouvesieenail 2

Network graph made with Python
customer_8

customer_4
customer_10

customer_1

JUT 3 Ameuvesiiegni 13

Aaa

WHunnaiifngnandieg i 8 uag 10 Customer node
= = °o o v a3 a
WaRSgUN 2 way 3 muadu lasiduddinnauazideiunu

a

WumeassaussnnuardlIiuwudunedasy
5. asunan1sideuazdaiauauus

NuiTedvauenisld Lagrangian relaxation 4l 9911
max L(p) adilndifies Optimal solution Tuusiaz Node
994 Branch-and-Price d13uU g1 Tour-based model of
vehicle routing problem with drones wadada1u1saan
varniseuaaladannasd i ud e v Column
generation +37 @ max L(u) 209 Node Vudaiy
Incumbent solution LA¥A1X1508ATIUIL Node 71 # 84
fuadls iesnnlisndusosman Branch i

d1m5uf19819 8 wag 10 Customer node Tg1aanlunns
fnalnglalld Lagrangian relaxation faust 19.96 3undl fis

131.33 Ju191 way 254.79 AW 59 2972.84 Fudi auasu
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F9n1514 Lagrangian relaxation @snsaaatiainisaulnle

Hu¥ovar 1.4 §4 61.15

nnisnadavlunaazdagranuinluanildlunisyi

Column generation tuandulugvessisnszuaunisns

yaIneu drsuauiselusuianaiuisadimadanig

Stabilization L% 1 Primal-Dual strategy, Weighted Dantzig-

Wolfe decomposition uiitetinlsza@nsnimuwuudiansil
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